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Abstract 

A frame- like action for massless mixed-symmetry fermionic fields in Minkowski 
space is constructed. The action is uniquely determined by gauge invariance. 

L— j; 1 Introduction 

^ ■ This paper fills a gap in the theory of mixed-symmetry gauge fields in Minkowski 

'nI" , space. Namely, we extend the results of [Tl|2] on frame-like Lagrangians to the case 

Q^ ! of massless fermionic fields of arbitrary symmetry type in Minkowski space of any 

"^ I dimension d. The term 'arbitrary symmetry' means that the field potential is a 

t^^ ■ spin-tensor whose tensor indices could have the symmetry of any Young diagram, 

Q ■ using 'mixed-symmetry' implies that the Young diagram contains more than just 

one row or one column. 

In Minkowski space massless fields with the spin in arbitrary representation of 
'K/i I the Wigner little algebra 5o{d — 2) were first considered by Labastida in the pa- 

^ ■ per [5], where the equations of motion were suggested both for bosons and fermions. 

However, to find the action for mixed-symmetry fields turned out to be a compli- 
cated technical problem, solved in [3j for bosons only. It was not until [1] that 
the Lagrangian for arbitrary spin fermionic fields was constructed. The approach 
of Labastida is usually referred to as the metric-like approach, since the Labastida 
potentials, being the world tensors, are the analogs of the metric field g^i,. 

Another approach to fields of any symmetry type dates back to [5l[6], where 
the generalization of the vielbein/spin-connection variables of gravity was found for 
the massless spin-s field, s > 2. The approach that makes use of vielbein/spin- 
connection variables and their generalizations for fields of arbitrary symmetry type 
is referred to as frame-like one. 
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What is so inspiring about the frame-hke approach is that it has a natural 
extension, the unfolded approach to field equations [HIB], where the generalized 
vielbein/spin-connection and certain their extensions appear automatically as the 
first fields in the unfolded system. The only example of an interacting field the- 
ory with fields of any tensor rank is the Vasiliev theory of totally symmetric gauge 
fields pllin] . The point is that the Vasiliev theory is given in a form of nonlinear un- 
folded equations of motion. So we believe that investigating mixed-symmetry fields 
within the frame-like approach should give us some hints towards the interacting 
theory of mixed-symmetry fields. 

The extension of the frame- like approach to fields of mixed-symmetry in Minkowski 
space was given first in [111112] for certain special cases. The general case of mixed- 
symmetry bosons and fermions was studied in [13j at the level of equations of mo- 
tion. The frame-like action for mixed-symmetry bosons was found in [1]. Certain 
special cases in a more general setup of massless and massive fields in (anti)-de 
Sitter space were studied in [21 [HI [15]. Bosonic mixed-symmetry fields are more 
elaborated [T143l [TT]433] as compared to mixed-symmetry fermions [Tl-HIIM]. 

In section[2]we review the frame-like formulation for a massless spin-(s + |) field. 
A short remark on totally antisymmetric fermionic fields is in section [31 The general 
enough case of fermions whose tensor indices have the symmetry of a Young diagram 
with two columns is considered in section HI Fermions of any symmetry type are 
studied in section [51 

Notation 

Indices /z, v, ... = 0, ..., {d — 1) are the world indices of the base Minkowski space. 
a,b, ... = 0, ..., (d—l) are the indices of the fiber Lorentz algebra so ((i—1, 1), which are 
raised and lowered with constant metric rjat. A differential form degree is indicated 
as a bold subscript, 

cjq = w^i...^^ dx^"^ A ... A dx^" . 

A Young diagram is defined either by listing the lengths of its rows (row notation) 
Y(si, S2, ..., Sn), Si being the length of the i-th row (sj > Sj for i > j), or by hsting 
the heights of its columns [column notation] Y[hi, ..., hm], hj being the height of the 
j-th column {hi > hj ior i > j). 

A group of symmetric indices is denoted by one letter, indicating the number 
of symmetric indices in round brackets, e.g. a{k) = aia2...ak. The operation of 
symmetrization is denoted by round brackets or by denoting the indices to be sym- 
metrized by the same letter. The same index convention holds for antisymmetric 
indices with the replacement of round brackets by square brackets. The operation of 
(anti) symmetrization is a sum over all necessary permutations with the unit weight, 
e.g., 

/^ab __ /-iba Tra/~iaa -- 1/01/^0203 , 1/03/^0102 i T/02/^0301 

That a tensor has symmetry of some Young diagram Y = Y(si, S2, ..., s„) refers only 
to the permutation symmetry of its indices. An irreducible tensor of the Lorentz 
algebra with symmetry Y is totally traceless in addition, i.e. contraction of any two 
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its indices with rjab is zero. An irreducible spin-tensor with one spinor index is also 
defined by Young diagram that refers to the symmetry type of its tensor indices. 

2 Symmetric half-integer spin field 

A massless spin-(s + |) field can be described |35] by the Fang-Fronsdal potential 
0(/ii.../x3):a that is totally symmetric in world indices fii...fis and has a spinor index 
a. The field equation, gauge transformations and algebraic constraints read aqj 

(2.1) 
0, 

where Tm^/j are the gamma- matrices oi so{d — 1, 1) and we omit spinor indices in 
most cases. The triple F-trace constraints, which are weaker than the irreducibility 
of 4>fii...f.is:a, are needed in order to have a Lagrangian. 

Within the frame-like approach the analogue of the vielbein (frame) for a massless 
spin-(s + |) field is giveio by a degree-one differential form e^ that is a rank- 

(s — 1) irreducible symmetric spin-tensor of the Lorentz algebra that acts on fiber 
indices of the vielbein, i.e. 

As a consequence of (12. 2p the vielbein is traceless in tensor indices ai...as-i- 

Within the frame-like approach the background Minkowski space is described by 
background vielbein h't^dx^ and spin-connection w°^^dx^ = —w^'°'dx^, which obey 



dh" + w% A /i'^ = 0, (2.3) 

dw"^^ + w"^^ A w^'^ = 0. (2.4) 



A particular solution is given by Cartesian coordinates /^^ = 5fJ, cc"''' = 0. In what 
follows we do not need any explicit solution of (I2.3p - (l2.4p . making the Lagrangians 
valid in any coordinates. The Lorentz covariant derivative D is defined as D = d+w, 



where d is the exterior derivative d = dx^ (9^. 



The anzats for the action consists of two terms, if only exterior derivative d and 
exterior product A are allowed to be useqfl. 
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^The lagrangian equations of [35] have the form G^^...^^ — §r(^jr'^G'^^2.../is) ~ 
^^T^^(/^iM2G"',.^3 p ) " '^' '^A'l-M. = ^0Mi-M. - s9(pir'''/'z.p2...p,) = 0, which is equivalent to 

^In four dimension this construction was introduced in [5j and in arbitrary dimension in f36| . 
the lagrangian that is considered in this paper is from [37] . 
■^We omit everywhere the wedge symbol A henceforth. 



where Eu[k] and F^t^l are defined as 

Eu[k] = eu[k]b,...b,.,h'\..h''~\ (2.6) 

r^[^] = __r[''i,,,r''ivi (2.7) 

where e^^...^^ is the totally antisymmetric invariant tensor of the Lorentz algebra. 

The relative coefficient in the Lagrangian is determined by requiring the action 
be gauge invariant under 

where ^q " i^ ^ gauge parameter for the frame e^ and it is just the fiber 

version of the Fang-Fronsdal parameter ^^i...^^_i:q,. There is also a shift (Stueck- 
elberg) gauge symmetry with ^q that as a fiber tensor has the symmetry of 

b/^ and is irreducible as a spin-tensor. 

The variation with respect to ^q is a total derivative. To check that the 

^0 -variation also cancels one has to use the following useful identitieqj 

-. i=k 

Y^^Y.^-r^'^uEu,...u....u,. (2.9) 

pa-pfei...6jv _ \ ^ f\i^-l abiYhi...bi...bM i pa6i...bjv (2 10) 

and hence for an irreducible spin-tensor ^"(^-i)'™ one has 

i=N-l 
*a(s-l), ■pm6i...bjv-l _ \ ^ / y ta(s-l),bipfei...bi...6jv-i (2 W) 

i=l 

The meaning of the shift symmetry is two-fold. Firstly, it compensates for a 
larger number of components in the vielbein. Indeed, with the help of the back- 
ground frame field we can transform any differential form with fiber spin-tensor in- 
dices into fully fiber spin-tensor and then decompose it into irreducible spin-tensors. 
For e^ it results in 

e«(--i)/i^A*^E^^^©^^©OEn©QEa, (2.12) 

where the first component can be gauged away by the ^q transformations, the 

rest of components matching the content of the Fang-Fronsdal field (f)^j^,„^^:a, whose 
first and second F-traces do not vanish. 

Secondly, it suggests that there is a field u"^ , which is a gauge field for 

the ^0 -symmetry. For the spin-two case, u^' is just a spin- connect ion and 

has a plain geometric meaning. If a field potential has the symmetry of a Young 
diagram with more than two columns then there are fields that follow generalized 
spin-connection. These fields are called extra fields and they are not needed at the 
free level. 
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The hatted index is to be omitted. 



3 One-column field 

Within the metric-hke approach totally antisymmetric fermionic fields were studied 
in [38] and [39]. The field potential is an antisymmetric spin-tensor 0^i...^p:o with 
the gauge transformations of the form 



^/Ji---Mp 



9l^.^^l 



[^lS^2...Mp]' 



(3.13) 



Both the field potential and gauge parameter are not subjected to any F-trace con- 
ditions. 

According to [T3], the frame-like extension for a spin S = Y[p] field is given by a 
vielbein e" which is a p-form with one fiber spinor index. The gauge transformation 
law is just 

K = ^C-i- (3-14) 

There is no shift symmetry here because in this degenerate case the vielbein has the 
same number of components as the field potential has. 

The anzats for the action consists of one term only 



^ = y"(ep|r"[2^-^l|Dep>K[2,+i] 



(3.15) 



where M = p — q + 1 and the brackets (e|r|_De) just stress that all spinor indices 
are contracted. Evidently, the action is gauge invariant. 

We see that it is not possible to write down the action if 2p + 1 > d, which is 
exactly the bound found recently in [38] and [39] . If 2j9 + 1 > (i it is still possible 
to write a lot of terms for the anzats with metric-like field (p^ipi-.a, which results in 
a zero Lagrangian after requiring its gauge variation to vanish. We see that certain 
features, which require special consideration within the metric-like approach, are 
automatically included in the frame-like one. 

4 Two-column field 



pq 



Let us now turn to a more complicated case of fields whose spin S 
is defined by a Young diagram with two columns S = Y\p,q]. We 
will not present the results for the metric-like approach [4], restricting 
ourselves to the frame-like one. In fact, within the frame-like approach 
general mixed-symmetry fields turn out to be as complicated as two- 
column fields. This is because the rest of indices corresponding to the 
third and other columns are mutually contracted in the action. Hence 
the presence of indices beyond the second column does not affect any 
coefficients coming from the variation of the action. 

According to [13], the frame-like extension for a spin S = Y[p, g] 
field is given by a vielbein Cp , which is a p-ioTia antisymmetric in q fiber indices, 
and spin-connection Wq , which is a g-form antisymmetric in (p+l) fiber indiceC|. 



'Let us note that the fiber spinor index is implicit. 



Despite the fact that Wq drops out of the action, its gauge parameter ^q_j^ is 
needed to have the correct number of propagating degrees of freedom. The gauge 
transformations 

M 

5ef^ = oeji + CXe^rf""', (4.16) 

guarantee [I3] that the vielbein Cp effectively reduces to the potential (j)f_i[p],u[q]:a, 
the rest of components being pure gauge because of the ^q_i symmetry. 
The most general anzats for the action has the form 

S = Y.^J (ep"[^-'=l''W| r"P*'^+^^-i]| /^ep-[''-^\[,j)E„[2p+i], (4.17) 

fc=0 "^ 

where the brackets (e|r|ci;) stress that all spinor and tensor indices of e, F and u are 
contracted in an appropriate way, with only (2p + 1) antisymmetric indices left on 
the outside to be contracted with Eu[2p+i]- 

The action is invariant up to surface terms under the differential part of the gauge 
transformations. To take the variation with respect to the shift gauge symmetry one 
needs an extension of the identities (12. 9 p and (12. lip 

h'^K.-h'^-E^^m = m!(-)"^(^+^) ,/'^~^^' .J T\e ,^ ,, (4.18) 

eci...c„r=HM^] = ^!(_)=^^^f'MrM^— ]^ (4.19) 

where the latter identity holds true provided that the spin-tensor is F-traceless, 
^c[m-i]6p^ = 0. It is also important that the antisymmetrization includes all neces- 
sary permutations only. After some simple algebra one obtains 

k=q n=min{M ,q—k) 

fc=0 n=0 



//r^ u[q-k-n]b[k+n] I p^[2fc+2n-l] 



p, w[M+q-k—n] \ j-, 

-L^Gp 6[fc+n] )-'^u[q-k-n]v[2k+2n-l]w[M+q~k~n], 



where 

(q - k)\{2M + 2k - 1)\ 



k,n 



\0"fe.' 



{q-k- n)\n\{M - n)\{2k + 2n - 1)\'' 



— 2 



i(M-n){M+2fc-n+l)+i}(g-n) 



The condition for the variation to vanish is thus 

k=min{M,q—k) 

J2 akFk,n{-T''" = for any me[l,g]. (4.20) 

k=0, k+n=m 

Note that for k = n = the variation is zero identically. The general solutions is 

6 



with a being an arbitrary constant depending only on p, g, i.e. on the spin. 
If we define the field strength 

^p+i = ^4"^ + {-r"'K.:K. u;^[^l™[*^l, (4.22) 

which is gauge invariant under fl4.23|) and 

5^«[p+i] = ^^«b+i] + ___^ (4.23) 

where ... stands for the shift symmetry associated to extra fields, which are beyond 
cjq and are not needed for the purpose 
there is an equivalent form for the action 



cjq and are not needed for the purpose of constructing a free Lagrangian. Then 



k=q 



« = E 



fc=0 



«fc / ^ep"['^"'=l^W 



■p«[2M+2A;-l] 



u[q—k] 



Rp+i'"' h[k])Eu[2p+i], (4.24) 



where ak are determined by requiring the action not to contain Wq . Note that 
for bosons the extra fields decouple out of the action automatically. By contrast, for 
fermions one has to adjust certain coefficients for the extra field decoupling condition 
to hold true. 



5 Arbitrary-spin massless fermionic fields 

The result of [1],[T3] was that the frame-like approach can be generalized to massless 
fields having arbitrary symmetry type. Some special cases at the level of Lagrangian 
were considered in [2llIIl[l2l[Tllll5] . 

In the general case one has to deal with differential forms of any degree that carry 
fiber tensor/spinor indices of the Lorentz algebra and are irreducible as fiber spin- 
tensors. Let us denote the symmetry type of the fiber tensor indices by superscript 
Young diagram, e.g. a g-from a; that is an irreducible fiber spin-tensor whose tensor 
indices have the symmetry of Young diagram Y is denoted as u^ . 

Let S = Y[hi,h2, ■■■,hn] = Y(si,...,Sp) be the spin Young diagram, where de- 
pending on the problem it is convenient to enumerate either columns hi or the rows 
Si. It is useful to single out the first two columns of S, denoting p = hi, q = /i2, so 
that S = Y[p, q, h^, ..., /i„]. According to |T^, the vielbein and spin-connection for a 
spin-S field are 6^° and cj^^, where Fq and Fi are given by 



s 

pq 



Fo, 



=Fo 



Fi, 
P 



UJ^ 



Fo = Y[q, h, ..., h,,], Fi = Y[p + 1, h, ..., h,,]. 

With all indices written explicitly the vielbein has the form 

Fo _ a(si-l),fe(s2-l),--,c(s,-l):a^ /il j fj.p 



(5.25) 



where the symmetric basis for mixed-symmetry tensors was used, i.e. the indices are 
separated into the groups of symmetric ones. The Labastida potential 0'^i(''i)'-''^p(*p)-" 
is the maximally symmetric component of the frame field 



ia(si),b{s2),...,u{sp):a __ a{si-l),b{s2-l),...,u{sp-l):a\ab...u 



where the form indices were converted to the fiber ones according to 

a{si-l),...,c{sp~l):a\ui...Up __ a(si-l),...,c{sp-l):ai^^j,iui l^^ipUp 

/il.../ip 

The gauge transformations for e^" have the form 



(5.26) 



(5.27) 




(5.28) 

It is easy to see that the shift symmetry does not affect the Labastida potential 
hidden inside the vielbein. 

Let the operator contracting the indices in ( 15.28^ with the background vielbein 
h°' be denoted as cr_, then the field strength and gauge transformations read as 






p^,-De^« +CT_{ujl^){-r-\ 






(5.29) 
(5.30) 
(5.31) 



where ... denotes the contribution of gauge parameters of the extra connections, 
which can be introduced but do not contribute to the free action. 
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5.1 Action 

By looking at the action for mixed-symmetry bosons f^T^ , to the action for fermions 
[2] whose spin is defined by a Young diagram with two rows and to fl4.17p we see 
that it is more natural to have explicit antisymmetrization over certain fiber indices, 
which seem to play the role of fiber differential forms. 

To have explicit antisymmetry in certain fiber indices the mixed basis for mixed- 
symmetry fields is defined below. Namely, taking some mixed-symmetry tensor, say 
C^ with Y = Y(/ci, ..., /c„), in the symmetric basis 

^a{ki),b{k2),...,c(kn) /g q2'j 

We then take one index from each of the group of symmetric indices 

/^ua{ki — l),ub(k2--l),...,uc(kn — l) 

and antisymmetrize them 

/^ji[n];a(A:i-l),b(fc2-l),.--,c(A:„-l) _ ^[u\a{ki-l),\u\b{k2-l),...,\u]c{kn-l) /e. QON 

As it can be easily verified with the help of Young symmetry properties, the resulting 
tensor has the symmetry of Y{ki — 1, ..., kn — 1) in indices a{ki — 1), ..., c(fc„ — 1), 
it is by construction antisymmetric in ui...Un and the antisymmetrization of any 
n + 1 indices vanishes identically. Note that if some of fcj's are equal to 1, the 
corresponding groups of indices in fl5.33p will be empty. It is also straightforward 
to check that it is indeed a basis and hence there is an inverse map from fl5.33p to 
( ]5.32p . which up to some factor is given by the symmetrization of each of mi...m„ 
with one of the group of symmetric indices. 

Let the spin of a field be given by some Young diagram S = Y[p, g, /13, ..., /i„]. 
The indices that do not 'belong' to the first column of the vielbein ep° and spin- 
connection Wqi are just mutually contracted in the action. Moreover, in any com- 
putations, for example when taking the variation of the action, the indices that are 
beyond the first column remain blind. There are two antisymmetric objects to be 
contracted with the fiber indices, these are e^i^...^^ and F^^^l. Any contractions with 
these two objects that involve indices beyond the first column can be expressed as 
certain permutations of indices applied to the terms in which all the indices con- 
tracted with e... and V-- do correspond to the first column. Actually, as shown in [H] 
the Young and trace conditions for the indices beyond the first column are not so 
important and can be relaxed, so that the action will describe a reducible set of 
fields, which generalizes the results of [IQ] for spin-s fields. 

The frame field Cp" taken in the mixed basis reads as 

pFo _ u[q\;a{s-i_-2),b{s2-2),...,u{s„-2):a. /c q^\ 

In the action the fiber indices a{si — 2), ... are just mutually contracted 



u[q-k]b[k];a{si~2),... 



Yv[2M+2k-l\ 



w[q~k\ 



^^P b[k]a{si-2),... ) (5.35) 



this will remain the case when taking any variation of the action. With the con- 
vention that we will not write the indices a{si — 2), ... explicitly, the action has the 
same form (14.1 7p as for two-column fields. The coefficients a^ are of course also the 
same, given by fl4.2ip . 

The subtle point for mixed basis could be that one should substitute the gauge 
transformations of the form 

As it is written the r.h.s in the latter expression does not have definite Young 
symmetry properties. Despite this fact one is safe to plug (15.361) into the action 
because the contraction of it with a tensor having definite Young symmetry of Fq 
projects out the components with symmetry other than Fq. 

We have constructed the frame-like actions for mixed-symmetry fermionic fields, 
whose tensor part is defined by arbitrary Young diagram. As it is always the case 
the actions for fermionic fields are more complicated than for bosons, still treatable 
though. 
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